Theory of quantum fluctuations of optical dissipative structures and its
  application to the squeezing properties of bright cavity solitons by Perez-Arjona, Isabel et al.
ar
X
iv
:q
ua
nt
-p
h/
07
02
07
0v
1 
 7
 F
eb
 2
00
7
Theory of quantum fluctuations of optical dissipative structures and its application to
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We present a method for the study of quantum fluctuations of dissipative structures forming in
nonlinear optical cavities, which we illustrate in the case of a degenerate, type I optical parametric
oscillator. The method consists in (i) taking into account explicitly, through a collective variable
description, the drift of the dissipative structure caused by the quantum noise, and (ii) expanding
the remaining -internal- fluctuations in the biorthonormal basis associated to the linear operator
governing the evolution of fluctuations in the linearized Langevin equations. We obtain general
expressions for the squeezing and intensity fluctuations spectra. Then we theoretically study the
squeezing properties of a special dissipative structure, namely, the bright cavity soliton. After
reviewing our previous result that in the linear approximation there is a perfectly squeezed mode
irrespectively of the values of the system parameters, we consider squeezing at the bifurcation points,
and the squeezing detection with a plane–wave local oscillator field, taking also into account the
effect of the detector size on the level of detectable squeezing.
PACS numbers: 42.50.L; 42.65.Sf
I. INTRODUCTION
Quantum fluctuations in the light field observables
have been a subject of intensive and maintained research
since the appearance of quantum optics in the early six-
ties, especially since the discovery of the nonclassical
states of light and the generation of squeezed light in the
mid eighties [1]. Quantum fluctuations are unavoidable
as their origin lies in the impossibility of determining
two canonically conjugate observables with a precision
better than that allowed by the Heisenberg uncertainty
relations. In the case of the radiation field, quantum
fluctuations manifest in quantities such as the photon
number, the field phase, the Stokes parameters, or the
field quadratures [2, 3, 4, 5, 6].
Although its origin could be traced back till the early
days of quantum mechanics [5], the modern squeezing
research goes back to the mid seventies, its foundational
period being closed with the experimental generation of
squeezed light in the mid eighties [3]. In a single–mode
state the two field quadratures (equivalent to the position
and momentum operators of a harmonic oscillator) con-
stitute a canonically conjugate pair, the product of their
uncertainties being consequently limited by the Heisen-
berg inequality. When the field mode is in a coherent
state, the uncertainty is the same for any field quadrature
and equals that of the vacuum state. Then, a squeezed
state is that for which the uncertainty in a particular field
quadrature is smaller than that of the quantum vacuum,
a reduction achieved at the expense of an increase in
the uncertainty of the complementary field quadrature.
These states can be generated in nonlinear processes
(four-wave mixing, parametric down-conversion...), and
the field quadratures can be detected in a homodyne de-
tection experiment in which the quantum state is mixed
with a classical (intense, coherent) local oscillator field
[2].
Single-mode squeezing has been intensively and exten-
sively investigated for almost three decades [1]. A well
established result is that a high degree of squeezing is ob-
tained in nonlinear cavities near the bifurcation points,
and that the squeezing level degrades as the system is
brought far from them [6]. Multimode squeezing has also
been considered in the past. One of the most immediate
cases is that of nonlinear cavities working in several longi-
tudinal modes, a type of system already exhibiting noise
reduction features specific to multimode systems. For ex-
ample, the quantum noise suppression on the difference
of intensities (amplitude-squeezing) of a two–mode opti-
cal parametric oscillator above threshold [7, 8], which is
associated to the existence of a continuous diffusion of
the phase difference between the two modes. It is to be
remarked that squeezing appears in this case associated
to a collective variable, namely the intensity difference,
and that, remarkably, the noise reduction level is inde-
pendent of the system proximity to a bifurcation point.
A particularly interesting case of multimode squeez-
ing is that of solitons. Squeezing in optical fibre solitons
(temporal solitons) has attracted much interest since the
late eighties [9, 10] and is by now quite well understood,
see e.g. [11] for a recent review. In this problem the rel-
evance of collective variables, such as the position or the
momentum of the soliton, is very clear in the sense that
these are the observables in which the behavior of quan-
tum fluctuations is easily detectable. As we comment be-
low, this problem has some similarities, but also strong
differences, with the problem of cavity solitons that we
treat here. A related problem, that of the squeezing of
spatial solitons in Kerr media, has also been considered
recently [12, 13, 14, 15].
For our purposes, a most exciting connection is that
existing between pattern formation in nonlinear optical
2cavities and squeezing [16, 17]. In these systems the con-
cepts used in the analysis of quantum fluctuations, which
has started relatively recently, must be generalized to
cover correlations at different spatial points [18].
Extended nonlinear optical systems, specially nonlin-
ear optical cavities with large Fresnel numbers, are sys-
tems that spontaneously display dissipative structures,
which are extended patterns that form in the plane or-
thogonal to the light propagation direction, through an
spontaneous symmetry breaking. One of the new con-
cepts that appeared when the analysis of quantum fluc-
tuations in these systems was addressed is the quantum
image [19], which can be described as a precursor ap-
pearing below threshold of the pattern that the system
would display above threshold. The quantum image is
not detectable at low observation frequencies as in this
case the fast dynamics of quantum fluctuations is washed
out. We refer the reader to existing reviews for a re-
sume of the main researches in the field [16, 17]. For our
purposes, which concern the analysis of the squeezing in
dissipative structures, the work carried out by Gatti and
Lugiato [20, 21] on the squeezing of extended degenerate
optical parametric oscillators (DOPO) below threshold,
is particularly close (see also [22]), as well as the analysis
of the role played by the Goldstone mode in [23, 24].
In this article we investigate quantum fluctuations of
dissipative structures in the DOPO. In a first part we
develop the theory for the calculation of linearized quan-
tum fluctuations, in particular for the calculation of the
squeezing and intensity fluctuations spectra. The the-
ory is general in the sense that no particular dissipative
structure is assumed. Moreover, although the model for
a DOPO in the large pump detuning is used, the derived
expressions are easily generalizable to cover other non-
linear cavity models. Then, in a second part we apply
this theory to the study of the squeezing properties of a
special dissipative structure appearing above threshold,
the so–called bright cavity soliton.
In [25] we already advanced a particular property of
quantum fluctuations which is specific to pattern forma-
tion (i.e., that is absent when the emission is homoge-
neous in space), which can be put in short as follows:
Due to the translational invariance of the problem (the
position of the pattern in the transverse plane is not
fixed when the pumping is spatially homogeneous), there
is a particular transverse mode that is free from quan-
tum fluctuations (in the linear approximation), a per-
fectly squeezed mode. And this occurs irrespectively of
the value of the parameters of the system. The only con-
ditions are that (i) the system be translational invariant,
and (ii) that the output field displays a pattern. This
particular mode corresponds to the transverse linear mo-
mentum of the pattern.
Here we shall go beyond this result by studying the
squeezing properties of a special pattern, the bright cav-
ity soliton. For that we shall consider the DOPO model
in the large pump detuning limit, as the problem is much
simpler in these conditions because there exists an ex-
plicit analytical solution for the localized structure. As
stated, the article consists of two parts. In the first part
(covering Sections II to V) we derive general expressions
for the study of quantum fluctuations (e.g., the linear
squeezing spectrum) without specializing to any partic-
ular pattern. Then, the second part (Section VI) is de-
voted to the bright cavity soliton. Finally, in Section VII
we give our main conclusions.
II. LINEAR THEORY OF QUANTUM
FLUCTUATIONS OF OPTICAL DISSIPATIVE
STRUCTURES
In this section we present the general method that will
allow us determining quantities related with the quan-
tum fluctuations of optical dissipative structures (e.g.
the squeezing spectrum) in the linear approximation. An
outstanding feature of the method is that it circumvents
the numerical integration of the dynamical, stochastic
equations, which is always a problematic (and terribly
time consuming) task. Instead, the method exploits the
diagonalization of the linear problem, which allows sim-
plest formal solutions.
We shall use the DOPO with plane cavity mirrors as
a model for presenting the method. Any other nonlin-
ear optical cavity with plane mirrors sustaining dissipa-
tive structures can be studied along similar ways after
straightforward particularization of the expressions given
below.
We assume that the dynamical equations of the stud-
ied system have been cast in the form of classical-looking
Langevin equations corresponding to some coherent state
representation. In particular we assume that a general-
ized P representation [27] is being used (Sec. II.A) as
its normal ordering equivalence allows a direct computa-
tion of measurable quantities corresponding to the fields
leaving the cavity. Furthermore we assume that those
Langevin equations have been linearized around a classi-
cal dissipative structure (Sec. II.B). The method consists
in separating the fluctuations in two classes: (i) Those
coming from the drift of the dissipative structure, as it
can move freely across the transverse section owed to the
spatial translation invariance of the model (Sec. II.C);
and (ii) Formally solving the equations corresponding to
the remaining (”internal”) fluctuations making use of a
special basis (Sec. II.D), what allows deriving a general
expression for the linearized squeezing spectrum (Sec.
III), as well as for the spectrum of intensity fluctuations
(Sec. IV). This section ends with a general result con-
cerning the squeezing of dissipative structures (Sec. V).
A. Langevin equations for a planar DOPO in the
generalized P representation
We consider the model for a type I DOPO with plane
cavity mirrors of [26] pumped by a plane wave coherent
3field of frequency 2ωs and amplitude Ein. An intracavity
χ(2) nonlinear crystal converts pump photons into sub-
harmonic photons, at frequency ωs, and vice versa. Only
two longitudinal cavity modes, of frequencies ω0 (pump
mode) and ω1(signal mode), which are the closest to 2ωs
and ωs, respectively, are assumed to be relevant. The
cavity is assumed to be single-ended, i.e., losses occur at
a single cavity mirror, where the intracavity modes are
damped at rates γn, n = 0, 1. The above frequencies de-
fine dimensionless pump and signal detuning parameters
through ∆0 = (ω0 − 2ωs) /γ0 and ∆1 = (ω1 − ωs) /γ1,
respectively.
We denote the intracavity field envelope operators for
pump and signal modes, which propagate along the z
direction, by Aˆ0 (r, t) and Aˆ1 (r, t), respectively, where
r = (x, y) is the transverse position vector, obeying stan-
dard equal-time commutation relations[
Aˆm (r, t) , Aˆ
†
n (r
′, t)
]
= δm,nδ (r− r′) . (1)
As commented we shall use a coherent state represen-
tation in order to handle the problem. These represen-
tations set a correspondence between the quantum op-
erators Aˆm(r, t) and Aˆ
†
m(r, t) and the c-number fields
Am(r, t) and A+m(r, t), respectively, which are indepen-
dent but in their (stochastic) averages, which verify
〈A+m(r, t)〉 = 〈Am(r, t)〉∗. The physical meaning of the
stochastic average of any function of the c-number fields
depends on the representation. In particular we shall use
the generalized P representation [27], generalized to in-
clude the spatial nature of the multimode problem here
considered [26], in which the stochastic averages corre-
spond to quantum expectation values computed in nor-
mal and time ordering.
As shown in Appendix A, in the large pump detun-
ing limit (|∆0| ≫ 1, |∆1| , γ0/γ1) the DOPO dynamical
(Langevin) equations in the generalized P representation
can be written as
∂
∂t
A1(r, t) = γ1
(
L1A1 + µA+1 + i
σ
κ2
A21A+1
)
+√
γ1
(
µ+ i
σ
κ2
A21
)
η(r, t), (2a)
∂
∂t
A+1 (r, t) = γ1
(
L∗1A+1 + µA1 − i
σ
κ2
A+1 2A1
)
+√
γ1
(
µ− i σ
κ2
A+1 2
)
η+(r, t), (2b)
where L1 = −(1 + i∆1) + il21∇2, l1 = c/
√
2ω1γ1 is the
diffraction length for the signal field, ∇2 = ∂2/∂x2 +
∂2/∂y2 is the transverse Laplacian operator, and we have
introduced the real and dimensionless parametric pump
parameter µ
µ =
g |Ein|
γ0γ1 |∆0|
> 0, (3)
where g is the (real) nonlinear coupling coefficient, Eq.
(79) in Appendix A, the normalized nonlinear coupling
coefficient
κ−2 =
g2
2γ0γ1 |∆0|
, (4)
and σ = sign∆0 = ±1. Finally, η(r, t) and η+(r, t) are
independent, real white Gaussian noises of zero average
and correlations given by Eqs. (85) in Appendix A.
Equations (2) are the model we shall consider along
this paper.
B. Dynamics of quantum fluctuations: Linearized
Langevin equations around the classical dissipative
structures of the DOPO
In the classical limit (A+i being interpreted as A∗i ,
noises being ignored), Eqs. (87) have the form of
a parametrically driven nonlinear Schro¨dinger equation
(PDNLSE), first derived for the DOPO in [30, 31], see
Eq. (88) in Appendix B. In our case σ accounts for the
cases of self-focusing (σ = +1) or defocusing (σ = −1)
of the PDNLSE, which determine the kind of dissipa-
tive structures (DS) supported by the DOPO. These DS
are patterns that appear in the transverse plane with re-
spect to the direction of light propagation. We denote
these (steady) structures by A1 (r) = A¯1 (r− r1), where
r1 = (x1, y1) is arbitrary due to the translation invariance
of the problem. They can be, e. g., periodic patterns or
localized structures [30, 32, 33, 34, 35]. Although in the
second part of this paper we shall concentrate on a par-
ticular type of DS, namely the bright cavity soliton, we
stress here that the treatment we present below is com-
pletely general and covers the description of quantum
fluctuations of any stationary DS.
The dynamics of the quantum fluctuations around any
DS is studied by setting
A1(r, t) = A¯1 (r− r1 (t)) + a1 (r− r1 (t) , t) , (5a)
A+1 (r, t) = A¯∗1 (r− r1 (t)) + a+1 (r− r1 (t) , t) , (5b)
where A¯1 and A¯∗1 are the classical stationary mean val-
ues of the field corresponding to a particular DS (i.e., the
stationary solutions of Eqs. (2) when the noise terms are
neglected), and a1 and a
+
1 are the c-number fields ac-
counting for the quantum fluctuations. Notice that the
position of the classical solution, r1 (t) = (x1, y1), is let
to vary in time in order to properly describe the diffu-
sive movement of the DS, which is excited by (quantum)
noise.
Linearizing the Langevin equations around the classi-
cal solution we get, to first order in the fluctuations, the
linearized equation of motion for the quantum fluctua-
tions, that read
− κ
(
Gx
dx1
dt
+Gy
dy1
dt
)
+
∂
∂t
a1 = γ1La1 +
√
γ1h, (6)
4where
Gx(y) = ∂x(y)
( A¯1
A¯∗1
)
, (7)
a1 is the quantum fluctuations vector
a1(r, t) =
(
a1(r, t),
a+1 (r, t)
)
, (8)
h is the noise vector
h(r, t) =
( √
α¯0 η(r, t)√
α¯∗0 η
+(r, t)
)
, (9)
where
α¯0 = µ+ iσκ
−2A¯21. (10)
Finally, the linear operator L and its adjoint L† read
L =
( L1 α¯0
α¯∗0 L∗1
)
, L† =
( L∗1 α¯0
α¯∗0 L1
)
, (11a)
L1 = −(1 + i∆1) + il21∇2 + 2iσκ−2
∣∣A¯1(r)∣∣2 , (11b)
where we note that a typo has been corrected in Eq.
(11b) with respect to the corresponding expression in
[25].
In Eq. (6) two terms (∂xa1dx1/dt and ∂ya1dy1/dt)
have been neglected as they are of second order in the
fluctuations. Notice finally that Eq. (6) has the standard
form of a set of linearized Langevin equations but for the
first term appearing on the left hand side, which describes
possible displacements of the DS on the transverse plane.
All the information about quantum fluctuations in the
linear approximation is contained in Eq. (6). Our goal is
then finding an efficient method for solving it at the time
that relevant information is extracted in a transparent
way. This is accomplished by using the eigensystems of
the linear operators
C. Diagonalization of the linear problem. The role
of the Goldstone modes: Drift of the dissipative
structure
Our main purpose in this work is to study the prop-
erties of quantum fluctuations around the semiclassical
mean value corresponding to a DS. In this section we
solve Eqs. (6), which will allow to characterize the quan-
tum fluctuations, in particular through the squeezing
spectrum. With this aim, we develop a general method
suitable for obtaining the formal solution of Eqs. (6),
suitable for any system and any classical stationary DS.
Let us assume without proof that the set of eigenvec-
tors of the linear operators L and L†, Eq. (11), form
a biorthonormal basis. (In the second part of this arti-
cle we show that this is indeed the case for the bright
cavity soliton solution, unlike the problem of conserva-
tive temporal solitons where the set of eigenvectors must
be completed in order to form a proper basis [11]). The
method used to solve Eq. (6) consists in expanding the
quantum fluctuations in this biorthonormal basis.
We denote the eigensystems of L and L† by
Lvi(r) = λivi(r), vi(r) =
(
vi(r)
v+i (r)
)
, (12a)
L†wi(r) = λ∗iwi(r), wi(r) =
(
wi(r)
w+i (r)
)
. (12b)
In the above and in the following expressions, the index
i represents both the discrete and the continuous spectra
as we do not want to overburden the notation. Note also
that, in the following, Kronecker deltas should be un-
derstood as suitable Dirac deltas as well as sums should
be understood as suitable integrals when referring to the
continuous part of the spectra.
We define scalar product as usual
〈u|s〉 =
∫
d2r u†(r) · s(r), (13)
so that relation
〈wi|Ls〉 = λi 〈wi|s〉 , (14)
holds for any s. Finally, all eigenvectors are assumed to
be normalized as
〈wi|vj〉 = δij . (15)
The spectra must be computed numerically in general.
However, it will be convenient for our purposes to state
two general properties of the discrete spectra. These are:
• Property 1: For any parameter set there exist Gold-
stone modes, v1x(1y) = Gx(y), with Gx(y) given by
Eq. (7), satisfying
Lv1x(1y) = 0, (16)
and the associated adjoint eigenvectors, denoted by
w1x(1y), which verify
L†w1x(1y) = 0. (17)
This property is a consequence of the translational
invariance of the problem, as any DS can be located
at any position on the transverse plane.
• Property 2: For any parameter set there exist
eigenvectors of the adjoint problem, which we de-
note as w2x(2y), verifying
L†w2x(2y) = −2w2x(2y). (18)
These eigenvectors are
w2x(2y)(r) = ∂x(y)
(
iA¯1(r)
−iA¯∗1(r)
)
, (19)
as is straightforward to be checked. This property
will be associated to a perfectly squeezed mode [25],
as we show below.
5Now, the linearized Langevin equation (6) can be
solved by expanding the quantum fluctuations on the ba-
sis {vi},
a1(r, t) =
∑
i
ci(t)vi(r), (20)
where the Goldstone modes have been excluded from this
expansion as any contribution of them to a1(r, t) would
entail a shift of the solution, which is already accounted
for by the (still undetermined) location of the DS, by
definition.
First we project Eq. (6) onto w1x and w1y, obtaining
x˙1 = −
√
γ1
κ
〈w1x|h〉 , (21a)
y˙1 = −
√
γ1
κ
〈w1y|h〉 , (21b)
We see that the DS diffuses driven by quantum fluc-
tuations as anticipated. The diffusive drift of the DS
through a time td can be evaluated by considering the
mean squared deviation of the position of the DS along
this time,
ρ(t) = r1(t)− r1(t− td). (22)
The variance
〈
ρ
2(t)
〉
can be calculated from Eqs.(21),
which give the time evolution for r1 = (x1, y1), obtaining
x1(t) = −
√
γ1
κ
t∫
0
dt′ 〈w1x (r) |h (r, t′)〉 , (23)
and analogous expression holds for y1(t), when w1x is
replaced by w1y in (23). Substituting this solution into
Eq.(22), we reach the expression of the variance of ρ(t),
which is linear in time [24], and reads〈
ρ
2(t)
〉
= Dtd, (24)
where the diffusion coefficient is given by
D = 2
γ1
κ2
Re
∫
d2r
[
w21x(r) + w
2
1y(r)
]
α¯∗0(r). (25)
The knowledge of the variance (24) allows us to evalu-
ate the possible effects of the DS movement on the noise
detected, e.g., in a homodyning experiment. This could
be quantitatively important as a possible noise reduction
could be blurred by the diffusion of the structure [25].
D. Formal solution to the linearized Langevin
equations
Now by substituting (20) into (6) and projecting onto
{wi}, we obtain the evolution equation for the expansion
coefficients in Eq. (20):
c˙i = γ1λici +
√
γ1 〈wi|h〉 , (26)
where the index i does not include the Goldstone modes,
as commented. We write down Eq. (26) in the temporal-
frequencies space. By defining the Fourier transforms
ci(t) =
1
2pi
∫
dω eiωtc˜i(ω), (27a)
h(r, t) =
1
2pi
∫
dω eiωth˜(r, ω), (27b)
and the corresponding inverse transforms
c˜i(ω) =
∫
dt e−iωtci(t), (28a)
h˜(r, ω) =
∫
dt e−iωth(r, t), (28b)
we find a simple expression in the temporal spectral do-
main for Eq.(26), that reads
iωc˜i(ω) = γ1λic˜i(ω) +
√
γ1
〈
wi (r) |h˜ (r, ω)
〉
, (29)
which gives
c˜i(ω) =
√
γ1
〈
wi (r) |h˜ (r, ω)
〉
iω − γ1λi
. (30)
By using solution (30) in Eqs. (27), we retrieve the
expansion coefficients ci(t)
ci(t) =
√
γ1
2pi
∫
dω eiωt
〈
wi (r) |h˜ (r, ω)
〉
iω − γ1λi
, (31)
which is the formal solution of the linearized Langevin
equations, Eqs. (20) and (26) .
E. Modal correlation spectrum
Once the time-dependent expansion coefficients ci(t)
are known, Eq. (31), we can calculate the two–time cor-
relations between the different modes. The knowledge
of these correlations, and specifically, of their spectra,
is necessary in order to characterize some properties of
quantum fluctuations, such as the spectrum of squeezing
or the spectrum of intensity fluctuations of the quantum
field exiting the nonlinear cavity, as will be shown below.
We define the correlation spectrum between two modes
labeled by indices i and j as usual
Sij(ω) =
∫
dτ e−iωτ 〈ci(t+ τ ), cj(τ )〉 (32)
where the correlation
〈ci(t+ τ ), cj(τ )〉 =
〈ci(t+ τ )cj(τ )〉 − 〈ci(t)〉 〈cj(t)〉 , (33)
6and 〈O〉 is the (stochastic) average value of O. By using
Eqs. (28) and (30), Sij(ω) can be written as
Sij(ω) =
γ1
2pi
∫
dω′
ei(ω
′+ω)τ
(γ1λi − iω) (γ1λj − iω′)
×〈〈
wi|h˜(r, ω)
〉
,
〈
wj |h˜(r, ω)
〉〉
. (34)
Taking into account the properties of noise, Eqs. (85),
one obtains straightforwardly
〈〈
wi|h˜(r, ω)
〉
,
〈
wj |h˜(r′, ω′)
〉〉
=
2piδ (ω + ω′)
∫
d2r dij (r, r) , (35)
where
dij (r, r) =
w∗i (r)w
∗
j (r) α¯0 (r) +
[
w+i (r)
]∗ [
w+j (r)
]∗
α¯∗0 (r) , (36)
so that the modal correlation spectrum Sij(ω) can be
written as
Sij(ω) =
Dij
(λi − iω/γ1) (λj + iω/γ1)
, (37)
where we have introduced the matrix Dij , which we call
modal diffusion matrix (because of the similarity of Eq.
(37) with an spectral matrix [36]), defined by
Dij =
∫
d2r dij (r, r) . (38)
Note that all modal correlations can be obtained just
by diagonalizing the linear problem.
III. SQUEEZING SPECTRUM IN THE LINEAR
APPROXIMATION
We consider now the squeezing properties of the clas-
sical DS A¯1 as measured via a balanced homodyne de-
tection experiment [21], which allows the direct measure-
ment of quadrature squeezing. The quantum field outgo-
ing the nonlinear cavity, to be denoted by Aˆ1,out (r, t), is
combined at a beam splitter with a local oscillator field
(LOF). This LOF lies in a classical multimode coherent
state αL (r− rL (t)) of intensity much larger than that
of Aˆ1,out (r, t). (The shift rL (t) is introduced in order to
cover the case of a movable LOF for reasons that will be
clear below, such as to consider the possibility to follow
the DS movement.)
The difference ∆̂I(t) between the intensities Dˆ+ and
Dˆ− of the two output ports of the beam splitter, with
Dˆ±(r, t) = 1√
2
[Aˆ1,out(r, t)± αL (r− rL (t))], (39)
is then measured, and it turns out to be given by [21]
∆̂I(t) =
∫
d2r
[
Dˆ†+(r, t)Dˆ+(r, t)− Dˆ†−(r, t)Dˆ−(r, t)
]
≡
√
NEˆH,out(t). (40)
where the projection of the output signal field Aˆ1,out(r, t)
on the LOF has been introduced as the field EˆH,out(t)
EˆH,out(t) = AˆH,out(t) + Aˆ
†
H,out(t), (41)
AˆH,out(t) ≡ 1√
N
∫
d2r α∗L(r− rL (t))Aˆ1,out(r, t), (42)
with the LOF intensity denoted by
N =
∫
d2r |αL(r)|2 . (43)
By using (1), the spectrum of the difference intensity
fluctuations can be written as
V (ω) =
∞∫
−∞
dτ e−iωτ
〈
EˆH,out(t+ τ), EˆH,out(t)
〉
= 1 +
∞∫
−∞
dτ e−iωτ
〈
: EˆH,out(t+ τ ), EˆH,out(t) :
〉
= 1 + Sout(ω), (44)
which defines the squeezing spectrum Sout(ω) of the field
exiting the cavity. When Aˆout(r, t) is in a coherent state,
V (ω) = 1 and Sout(ω) = 0, which defines the standard
quantum limit. Light is said to be squeezed at a fre-
quency ωc when Sout(ωc) < 0, and the case of complete
noise reduction, or perfect squeezing, at ωc is signaled by
Sout(ωc) = −1 as in this case V (ωc) = 0.
Now the correlations of the output fields can be written
in terms of those of the intracavity fields by using the
input-output formalism [37]〈
: Aˆ†1,out(t), Aˆ1,out(t
′) :
〉
= 2γ1
〈
: Aˆ†1(t), Aˆ1(t
′) :
〉
(45)
= 2γ1
〈A+1 (t),A1(t′)〉
and then
Sout(ω) = 2γ1
∞∫
−∞
dτ e−iωτ 〈δEH(t+ τ), δEH(t)〉 , (46)
where δEH(t) = EH(t)− 〈EH(t)〉 with
EH(t) = AH(t) +A+H(t), (47a)
AH(t) = 1√
N
∫
d2r α∗L(r− rL (t))A1(r, t). (47b)
7This expression can be written in a more compact form
as
Sout (ω) =
2γ1
N
∞∫
−∞
dτe−iωτ 〈δEH (t+ τ) δEH (t)〉, (48a)
δEH (t) = 〈αL (r+ ρ (t)) | a1 (r, t)〉, (48b)
where ρ (t) = r1 (t)− rL (t), and the change of variables
r → r − r1 (t) has been introduced. (Remind that r1 (t)
describes the position of the dissipative structure, that
changes because of the diffusion introduced by quantum
fluctuations, Eqs. (21).)
The output squeezing spectrum (48) can now be cal-
culated in terms of the modal correlation spectrum (37):
The intracavity field fluctuations a1(r, t) can be written
in terms of the expansion (20) –remind that Goldstone
modes are excluded–, so that the output squeezing spec-
trum (48) takes the form
Sout(ω) =
2γ1
N
∑
i,j
〈αL|vi〉 〈αL|vj〉Sij(ω), (49)
where
〈αL|vi〉 =
∞∫
−∞
d2r α∗L(r+ ρ (t))vi(r+ r1 (t))+
∞∫
−∞
d2r αL(r + ρ (t))v
+
i (r+ r1 (t)), (50)
and N and Sij(ω) are given by Eqs. (43) and (37), re-
spectively.
The projections of the eigenvectors vi onto the LOF
are given by 〈αL|vi〉, where the scalar product (13) is
used, and the modal correlation terms Sij(ω) correspond
to Eq.(37).
Up to this point we have treated with a complete detec-
tion of the beam, that is, we have considered an arbitrar-
ily large detector covering the whole transverse profile of
the outgoing field. We can wonder now on the effect of
the detector size when it is finite, which corresponds to
a more realistic description.
Thus we consider now a movable detector with finite
transverse size Σ, which allows to sweep the transverse
profile of the outgoing field and study the spatial distri-
bution of squeezing. Mathematically, the use of a finite
size detector corresponds to limit the spatial integrations
in Eq. (49) to a domain Σ around the ”detector position”
r0, so replacing 〈αL|vi〉, Eq. (50), by
〈αL|vi〉{r0,Σ} ≡∫
{r0,Σ}
d2r α∗L (r+ ρ (t)) vi (r+ r1 (t))+
∫
{r0,Σ}
d2r αL (r+ ρ (t)) v
+
i (r+ r1 (t)) , (51)
where {r0,Σ} represents the spatial region occupied by
the detector, and N , Eq. (43), by
N{r0,Σ} ≡
∫
{r0,Σ}
d2r |αL(r)|2 . (52)
Finally we can compute the squeezing spectrum mea-
sured when the finite detector is placed at r0 through
Sout(ω; r0) =
2γ1
N{r0,Σ}
×∑
i,j
〈αL|vi〉{r0,Σ} 〈αL|vj〉{r0,Σ} Sij(ω). (53)
As can be noted in Eq.(53), the obtained level of squeez-
ing depends both on the area and position of the detector.
IV. INTENSITY FLUCTUATIONS SPECTRUM
Now we apply the technique used for calculating the
squeezing spectrum to the derivation of spectrum of the
intensity fluctuations. For the sake of simplicity here we
ignore the diffusive movement of the DS, i.e., we assume
that the detector can follow such motion.
The intensity fluctuations spectrum can be directly ob-
served with a single photodetector and is given by [44]
VI (ω) =
∞∫
−∞
dt e−iωt
∫∫
d2r d2r′×
〈
δIˆout (r, t) δIˆout (r
′, 0)
〉
, (54)
where
δIˆout (r, t) = Iˆout (r, t)−
〈
Iˆout (r, t)
〉
, (55)
and the term proportional to the intensity of the outgoing
field is
Iˆout (r, t) = Aˆ
†
out (r, t) Aˆout (r, t) . (56)
By making use of (1) and taking account of the input-
output relation (45) one obtains [21]
VI(ω) = SSN [1 + SI(ω)] , (57)
where the term corresponding to the shot noise reads
SSN = 2γ1
∫
d2r
〈
Iˆ1 (r, t)
〉
, (58)
and
SI(ω) =
4γ21
SSN
∞∫
−∞
dt e−iωt
∫∫
d2r d2r′×
〈
: δIˆ1 (r, t) δIˆ1 (r
′, 0) :
〉
, (59)
8where
δIˆ1(r, t) = Iˆ1(r, t)−
〈
Iˆ1(r, t)
〉
, (60a)
Iˆ1(r, t) = Aˆ
†
1(r, t)Aˆ1(r, t). (60b)
As stated, our interest is centered on the quantum fluc-
tuations properties of the DS given by (5). When such
form of the field is considered, the expression of the in-
tensity fluctuations spectrum, leading to first order in
fluctuations, reads
SI(ω) =
2γ1
N¯
∞∫
−∞
dτe−iωτ 〈δEI (t+ τ) δEI (t)〉, (61)
where
δEI (t) = 〈A¯1 (r,t) | a1 (r, t)〉, (62a)
N¯ =
∫
d2r
〈∣∣A¯1(r)∣∣2〉 , (62b)
A¯1 (r) ≡ (A¯1(r), A¯∗1(r))T . (62c)
Notice that A¯1 (r) is the vector which corresponds to the
classical DS, given by Eq.(5).
As can be noted, the intensity fluctuations spectrum,
Eq.(61), has the same expression as the squeezing spec-
trum, Eq.(48), but with the classical DS solution acting
as LOF [21]. So, as it occurred previously with the out-
put squeezing spectrum, the intensity fluctuations spec-
trum can be written in terms of the modal correlation
spectrum (37)
SI(ω) =
2γ1
N¯
∑
i,j
〈
A¯1|vi
〉 〈
A¯1|vj
〉
Sij(ω), (63)
where
〈
A¯1|vi
〉
=
∞∫
−∞
d2r
[A¯∗1(r)vi(r) + A¯1(r)v+i (r)] . (64)
Finally, and analogously to what we did with the
squeezing spectrum, when a finite detector of transverse
size Σ positioned at r0 is considered the intensity fluc-
tuations are given by Eq.(63) after replacing
〈
A¯1|vi
〉
by〈
A¯1|vi
〉
{r0,Σ}
and N¯ by N¯{r0,Σ} so that the intensity fluc-
tuations spectrum measured with a finite detector of size
Σ placed at r0 reads
SI(ω; r0) =
2γ1
N¯{r0,Σ}
×∑
i,j
〈
A¯1|vi
〉
{r0,Σ}
〈
A¯1|vj
〉
{r0,Σ}
Sij(ω), (65)
where
〈
A¯1|vi
〉
{r0,Σ}
and N¯{r0,Σ} are given, respectively,
by Eqs.(51) and (52) when αL is replaced by A¯1.
V. A GENERAL RESULT ON THE SQUEEZING
OF DISSIPATIVE STRUCTURES
Let us assume that we can set ρ = 0 in Eq. (50). This
means that the LOF can be shifted in such a way that
it exactly follows the diffusive movement of the dissipa-
tive structure whose squeezing is being to be measured.
Further, let us choose the LOF αL = w2x, Eq. (19), i.e.,
a LOF whose shape is αL = iGx. (We notice that the
result that follows is valid for any αL that corresponds
to a linear combination of w2x and w2y.)
By doing this it turns out that δEH (t) = c2x (t), see
Eqs. (20) and (48b). Standard techniques [28] applied to
Eq. (26) for i = 2x
c˙2x = −2γ1c2x +
√
γ1ξ2x, (66)
where ξ2x (t) = 〈w2x|h〉 is the noise source and c2x (t) =
〈w2x|a1〉, allow the computation of the stochastic corre-
lation 〈δEH (t+ τ ) δEH (t)〉, that turns out to be
〈δEH (t+ τ ) δEH (t)〉 = − 12NHe−2γ1|τ |. (67)
Then, by using Eq. (48) we get
Sout (ω) = − 1
1 + (ω/2γ1)
2 , (68)
which is the main result in [25]. Of course the same result
is obtained by using Eqs. (36), (37) and (38).
It is to be remarked that Eq. (66) is analogous to that
derived in [45] for the stationary phase of the hexago-
nal mode appearing in the Kerr cavity model, and that
it was later interpreted in [24] as the hexagonal pattern
transverse linear momentum. Then we can say that the
above result means that the transverse linear momentum
of any stationary DS appearing in the large pump detun-
ing limit of the DOPO model is perfectly squeezed in the
linearized theory. This is a reasonable result as it is im-
mediately related to the fact that the transverse position
of the DS is completely undetermined as it diffuses with
time.
Eq. (68) implies that S (ω = 0) = −1 what means that
within the validity domain of the linear theory we are us-
ing, any stationary dissipative structure sustained by the
DOPO in the large pump detuning limit displays perfect
squeezing at ω = 0 when probed with the appropriate
LOF. As Eq. (68) is independent of the kind of dissi-
pative structure and of the system parameters, it is to
be remarked that the result is universal and independent
of the existence of bifurcations. Let us emphasize that
the appropriate LOF (αL = iGx(y)) is, in principle, easily
implementable as it corresponds to the pi/2 phase-shifted
gradient of the corresponding DS envelope which can be
easily synthesized by, e.g., Fourier filtering.
In [25] we discussed up to what extent the assumption
ρ = 0 is reasonable: It is, indeed, as the diffusion of the
dissipative structures is very slow because of the large
number of photons they carry, which acts as an inertial
mass [25].
9We find it important to make here a general comment
on the mathematical technique we have presented in the
previous sections. We must note that the linearized ap-
proach we have presented is valid, in principle, when all
eigenvalues are negative: In this case all fluctuations are
damped and it is reasonable to assume that they will re-
main small enough. Remarkably, in our case there exists
always two null eigenvalues, which are associated with
the Goldstone modes (see Property 1 in Subsection II
C). Nevertheless these null eigenvalues do not make the
linear approach invalid as the undamped fluctuations do
not concern any particular field mode but the position
of the dissipative structure, which is decoupled from the
rest of fluctuations and undergoes a continuous diffusion
(as it occurs, e.g., with the phase difference in [7, 8]). Nu-
merical research carried out in vectorial Kerr cavities [23]
reinforce this confidence. In resume: In spite of having a
null eigenvalue, we can be confident that the linearized
description of quantum fluctuations will be reasonably
accurate, and that a nonlinear treatment [22] will not
lead to dramatically different results.
VI. SQUEEZING PROPERTIES OF THE DOPO
BRIGHT CAVITY SOLITON
In this second part of the article, we study in detail the
squeezing properties of the DOPO bright cavity soliton in
the large pump detuning limit. First, in Subsection VI.A
we review the main properties of this solution and then,
in Subsection VI.B, we apply the theory developed in the
first part to it. For the sake of simplicity we shall con-
sider in this second part only the one–dimensional case,
that is, we assume that the DOPO works embedded in a
waveguide that avoids diffraction in the y transverse di-
mension whilst in the x transverse dimension the system
aperture is arbitrarily large. Moreover, we shall assume
from now on that the LOF used in the homodyne detec-
tion scheme can be moved, in the transverse dimension,
in such a way that its movement exactly matches the
diffusive motion of the bright cavity soliton, and thus we
shall not take into account the diffusive motion of the DS
(see [25] for a quantitative discussion in which we show
that this is a reasonable assumption).
A. The DOPO bright cavity soliton
As stated in Subsection II.A, in the limit of large pump
detuning we are considering here, the classical description
of the DOPO is the PDNLSE, (Eq. (87) in Appendix B).
It is well known that the one–dimensional PDNLSE sup-
ports two different types of localized structures (cavity
solitons in our context): Dark cavity solitons (tanh–type
localized structures) in the self-defocusing case σ = −1,
and bright cavity solitons (sech–type localized structures)
in the self-focusing case σ = +1 [39, 40, 41, 42]. We shall
treat in the following the bright cavity soliton and thus
we take σ = +1.
Before going on we find it convenient to review the
main solutions of the PDNLSE. This equation has only
two free parameters (the parametric pump parameter µ
and the cavity detuning ∆1) as the rest of parameters
(γ1, l1, and κ
2) can be easily removed by normalizing
the time and space coordinates as well as the field am-
plitude (see Eq. (88) in Appendix B). When ∆1 < 0,
the trivial state, A¯1(x) = 0, undergoes a supercritical
bifurcation towards a patterned state (a roll, or stripe,
pattern) at µ = 1. Contrarily, when ∆1 > 0 the bifur-
cation affecting the trivial state is subcritical and occurs
at µ = µ0 ≡
√
1 + ∆21. For µ > µ0, and positive ∆1,
dynamic patterns are found [32].
The bright cavity soliton has the explicit expression
A¯1,BS(x) =
√
2β eiφ sech(βx), (69)
with
β2 = ∆1 ±
√
µ2 − 1, (70a)
cos(2φ) = µ−1. (70b)
This solution exists for ∆1 > 0 and 1 < µ < µ0 [43],
and is stable in a wide domain of parameters, although
for large enough ∆1 it becomes unstable, through a Hopf
bifurcation, thus appearing temporal oscillations (self-
pulsing solitons) [33]. Then the bright cavity soliton can
undergo three different bifurcations: (i) a tangent bifur-
cation at µ = 1 (the BS does not exist for µ < 1), (ii) a
bifurcation at µ = µ0 (the BS does not exist for µ > µ0),
and (iii) a Hopf bifurcation for large enough ∆1 that
transforms the stationary BS into a self–pulsing BS. In
Fig. 1 we represent in the 〈∆1, µ〉 plane the domains
of existence of the different solutions we have just com-
mented.
It is convenient to briefly comment here on the similar-
ities between the bright cavity soliton and the temporal
soliton of the nonlinear Schro¨dinger equation (NLSE).
The NLSE is a conservative equation that can be written
without free parameters. Then, there is a family of sech–
type solitons, that coexist, and for which certain quan-
tities (such as the energy) are conserved. This is very
different from the PDNLSE which is a nonconservative
equation governed by two parameters. For given µ and
∆1, the sech–type solution is unique and can be stable or
unstable. In fact the bright cavity soliton is not a true
soliton and its name can be misleading when compar-
isons between these similar but actually quite different
equations (NLSE and PDNLSE) are made. In particu-
lar, these differences manifest in the spectra of L and L†.
We have shown that in order to calculate the squeezing
spectrum, given by Eq. (49), one needs to evaluate the
spectra (12) of both L and L† (11) for A¯1(r) = A¯1,BS(x),
Eq. (69). The spectrum of L in this case has been exten-
sively studied [42]. It consists of a continuous spectrum,
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with eigenvalues of the form
λs(k) = −1 + s
√
µ2 −∆2k, (71a)
∆k = ∆1 + sk
2, s = ±1, k ∈ [0,∞) (71b)
and of a discrete spectrum with eigenvalues {λi}Di=1. The
spectra of L and L† need to be computed numerically,
as analytical expressions can not be derived in general,
which we have done by adapting the Fourier method de-
scribed in [43]. Nevertheless, some eigenvectors of the
discrete spectrum can be computed analytically for some
parameter sets. In particular, we have derived the four
eigenvectors corresponding to the bifurcation occurring
at µ = 1. These eigenvectors are explicitly given in Ap-
pendix B.
A crucial point is whether the set of eigenvectors of L
and L† form a (biorthonormal) basis or not. We com-
mented above that for the similar problem of the nonlin-
ear Schro¨dinger equation, describing temporal fiber soli-
tons, the set of eigenvectors of L and L† do not form a
base [11]. As in our case analytical expressions are not
available, our strategy has consisted in discretizing the
transverse spatial coordinate and numerically diagonalize
L and L†. Our numerical results show that the number
of independent eigenvectors coincides with the dimension
of the matrices, what constitutes a numerical proof that
for this particular transverse pattern, the eigenvectors
of L and L† form a (biorthonormal) basis, whereas this
does not happen in the conservative case. We see that
the NLSE and the PDNLSE are very different problems
indeed.
B. Squeezing properties of the unidimensional
bright cavity soliton
Now we are in conditions for studying the squeezing
properties of the DOPO bright cavity soliton. Of course
the amount of squeezing to be obtained will depend on
the local oscillator field (LOF) one uses in the homodyne
measurements and, in general, on the parameter values
(pump and detuning). We shall proceed in our study as
follows: First, in Subsection VI.B.1, we shall particular-
ize the general result obtained in [25] and derived above
in Section III for the bright cavity soliton. Then, in Sub-
section VI.B.2, we shall consider the squeezing at the bi-
furcation points (which have been discussed in Subection
VI.A). Finally, in Subsection VI.B.3 we shall consider the
case of a plane–wave LOF. In this last case we discuss
first how the amount of squeezing changes with the pa-
rameters (for arbitrarily large detectors), and then how
the level of squeezing depends on the size of the photode-
tectors when these have a finite transverse dimension.
1. Squeezing of the cavity soliton linear momentum
In Section VI we showed that there is a special mode
that is perfectly squeezed in the linear approximation,
which is equivalent to saying that the transverse linear
momentum of the DS is perfectly squeezed. We saw that
the fluctuations of this mode are detected by choosing
the LOF αL(x) = w2x(x), that is, αL(r) = i∂xA¯1,BS (x),
see Eq.(19). In Fig. 2 we represent the amplitude of this
LOF with a dashed line together with the soliton ampli-
tude, given by Eq. (69). (As the phase factor exp (iφ)
is space independent, Eq. (69), it has been discarded in
making this plot.)
The similarity between w2x(x) and the Gauss–Hermite
function
GH1(x) ≡ ieiφxe− 12 (x/ξ)
2
, (72)
is immediate (in Fig. 2 the Gauss–Hermite function is
also plotted), what suggests the use of this function,
which is relatively easy to generate, as a LOF. In order
to calculate the level of squeezing that would be detected
by using the Gauss–Hermite LOF, Eq. (72), we take ad-
vantage of the general theory presented in the first part
of this article: We expand the LOF on the basis of L† as
αL =
∑
i
〈vi|αL〉wi, (73)
excluding the Goldstone modes, and the squeezing spec-
trum is given by
Sout(ω) =
2γ
N
∑
i,j
〈vi|αL〉 〈vj |αL〉Sij(ω), (74)
where the modal correlation matrix, Eq.(37), is evaluated
from the computed spectra of L and L†. The accuracy of
the numerical method was checked by computing Sout(ω)
when αL(x) = w2(x), yielding an error less than 10
−13.
The influence of the Gauss–Hermite LOF width and po-
sition was already presented in [25], and we reproduce
it in Fig. 3 for the sake of completitude. Notice that
the level of squeezing is quite large even when the LOF
position or width are not well matched to those of mode
w2(x).
2. Squeezing at the bifurcation points
At the bifurcations points there is, at least, one null
eigenvalue, apart from that corresponding to the Gold-
stone mode. This implies the existence of a mode, dif-
ferent to w2(x), whose eigenvalue reaches its minimum
value. This mode is expected to be perfectly squeezed in
the linear approximation. The squeezing of these modes
is the equivalent to the usual squeezing at the bifurca-
tion points that has been repeatedly studied in a large
number of nonlinear cavities [3, 6].
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We have seen that the bright cavity soliton can un-
dergo three different bifurcations at µ = 1, µ = µ0, and
µ = µHB, see Fig. 1. Let us consider first the bifur-
cation occurring at µ = 1 (the analytic expression of
the mode that has λ = −2 is given in the Appendix
B, mode w3(x)). Then, by taking αL(x) = w3(x), one
obtains the squeezing spectra that we have represented
in Fig. 4 for ∆1 = 1.2 and three values of µ. No-
tice that Sout (ω = 0) = −1 for µ = 1 (full line); for
µ = 1.0001 (dashed line) the maximum squeezing does
not reach −1. Furthermore, as µ departs from unity the
maximum squeezing does not occur at ω = 0, but at a
slightly different frequency. For µ = 1.01, the maximum
level of squeezing is close to −0.75. That is, the squeezing
degrades quickly as the system departs from this bifur-
cation. A similar behavior is exhibited at the bifurcation
occurring at µ = µ0 =
√
1 + ∆21 and we shall not enter
into quantitative details.
Let us finally consider the Hopf bifurcation. For
µ = µHB there are two eigenmodes, let us denote them
as wHB+ and wHB−, for which the eigenvalues read
λ± = −2 ±iωHB (ωHB is the oscillation frequency at the
Hopf bifurcation), i.e., there are two most damped eigen-
modes which are expected to exhibit maximum squeez-
ing. But in the Hopf bifurcation there cannot be a LOF
that matches these squeezed modes: Remind that the
LOF vector was defined as αL = (αL, α
∗
L)
T
, and at
the Hopf bifurcation the eigenvectors with Re λ = −2,
wHB± =
(
wHB±, w
+
HB±
)T
, do not verify w+HB± = w
∗
HB±.
This can be appreciated in Fig. 5 where we have rep-
resented the imaginary parts of w∗HB+ and w
+
HB+ (also
the real parts, not shown, are quite different). This fact
makes it impossible to find a LOF such that (αL|vHB) =
1. Then perfect noise reduction is never achieved at the
Hopf bifurcation.
The amount of squeezing attainable at the Hopf bi-
furcation is represented in Fig. 6 where the squeezing
spectrum has been represented for two choices of the
LOF: αL(x) = wHB+(x), in dashed line, and αL(x) =
wHB+(x) +wHB−(x), in full line. Interestingly the max-
imum squeezing is larger for the latter choice. Notice
also that, in contrast to the other bifurcations and as
it is well known, at the Hopf bifurcation the maximum
level of squeezing is reached at a frequency different from
ω = 0, which corresponds to the self-pulsing frequency of
the bright cavity soliton.
3. Squeezing with a plane-wave local oscillator
We consider now the particular case of the squeezing
properties of the bright cavity soliton when measured
in a homodyning experiment, probed with a plane-wave
LOF, which is of obvious relevant interest as this is the
simplest LOF.
At a first stage we deal, as in the preceding subsec-
tions, with a complete beam detection, that is, the de-
tector is assumed to completely cover the transverse ex-
tension of the outgoing quantum cavity soliton. Fig. 7
shows the squeezing spectra obtained for five different
values of the pump µ and ∆1 = 1.2. The maximum of
squeezing is achieved at frequency ω = 0 irrespective of
the pump value (which is obviously limited to 1 < µ <
µ0 =
√
1 + ∆21, see Fig. 1). A high degree of squeez-
ing, sustained for a large range of parameters setting, is
obtained. This is more clearly seen in the inset of Fig.
7, where S(ω = 0) is depicted as a function of pump for
∆1 = 1.2.
We have also calculated the influence of the detun-
ing: In Fig. 8 we plot the same as in Fig. 7 but for
fixed µ = 1.2 and as a function of detuning ∆1. Again
large squeezing levels are obtained in all the domain of
existence of the cavity soliton (for detunings larger than
those represented in Fig. 8, the cavity soliton becomes
Hopf unstable as already commented).
We focus now on the homodyning detection when us-
ing finite size detectors. When a detector, with size Σ
and positioned at x = x0 is used, the squeezing spec-
trum detected is given by Eq. (53), particularized to the
BS solution. In the particular case of a plane-wave LOF,
the calculations are considerably simplified, as αL is con-
stant. We note, as well, that the phase of the plane-wave
LOF is a free parameter, which is allowed to vary in order
to obtain the maximum level of squeezing.
In Fig. 9, we represent the spatial distribution of
squeezing, for µ = ∆1 = 1.2 and at ω = 0, when the
finite size detector is displaced across the transverse di-
mension. We consider three different values of the de-
tector size Σ = ∆x/β normalized to the BS width β,
see Eq. (70a), as indicated in the figure. In the three
cases the phase of the plane-wave LOF (not shown) has
been chosen in order to obtain the maximum squeezing at
each position of the detector in the transverse plane. A
clear conclusion can be extracted from these plots: The
smaller is the detector size, the smaller is the squeezing
level one attains. This is to be expected as the smaller
the photodetector is, the larger influence of high spa-
tial frequency modes, i.e., with the smaller photodetector
the influence of all sort of nonsqueezed modes is larger
than with the larger photodetectors which filter out high
frequency modes. One more conclusion one can extract
from the figure is that the squeezing level is larger, for all
detector sizes, at the center of the soliton (x = 0), i.e.,
the soliton is more squeezed than the vacuum (for large
x the soliton amplitude tends to zero and the squeezing
is due to the squeezed vaccum).
Finally we focus on the influence of the detector size
on the degree of squeezing reached when the detector is
placed at the exact center of the soliton. Fig. 10 shows
the maximum squeezing reached in these conditions at
frequency ω = 0 when a detector of normalized size Σ
is considered. Several features can be appreciated in the
figure. As a general trend, the squeezing level degrades
as the detector size is reduced, i.e., the maximum level of
squeezing is found for a very large detector. But, inter-
estingly, for 1.5 < Σ < 3, the squeezing decreases with
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the increase of the detector size. Obviously, for detec-
tors whose size falls in this region what is happening is
that the fluctuations being detected come from both the
BS and the trivial solution (below threshold emission)
existing far from the detector. In fact we see that the
phase of the local oscillator that optimizes the squeez-
ing level (represented with a dashed line, left vertical
axis), which is almost insensitive to the detector size for
Σ < 1, changes rapidly in this detector width region.
Then, for large detectors, Σ > 10, the monotonic increase
of squeezing with the detector width is recovered and the
optimum phase for the LOF is again almost insensitive
to the detector size.
VII. CONCLUSIONS
In this article we have developed a general theory for
the analysis of linearized quantum fluctuations of optical
dissipative structures generated in wide aperture nonlin-
ear optical cavities. Although we have done this explic-
itly for the special case of the degenerate optical para-
metric oscillator in the large pump detuning limit, our
method can be easily generalized to any other nonlinear
cavity. The method consists, in short, in expanding the
fluctuations in the biorthonormal base that the eigenvec-
tors of the linear deterministic operator of the linearized
Langevin equations of the system. This technique al-
lows, in particular, the identification of a special mode
which is perfectly squeezed (in the linear approximation).
The perfect squeezing occurs irrespective of the nonlin-
ear cavity parameter values, and the special mode can
be identified with the transverse linear momentum of the
dissipative structure that is being emitted. It must be
emphasized that the existence of this squeezed mode is a
genuine transverse effect, i.e., it is associated to the sym-
metry breaking introduced by the existence of dissipative
structures.
Then we have applied this theory to the study of
squeezing of a particular dissipative structure, namely,
the bright cavity soliton. In particular we have analyzed
the squeezing occurring at the different bifurcations that
this dissipative structure can undergo at the same time
that the appropriate LOF for detecting it in each situa-
tion. Then we have studied the squeezing detected when
a plane wave LOF is used and analyzed its dependence
on the parameter values. Finally we have considered also
finite size detectors. We have shown that for large detec-
tors the squeezing level is large almost independently of
the system parameters. For finite size detectors, we have
analyzed the spatial distribution of squeezing.
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VIII. APPENDIX A
In this Appendix the DOPO model used along the pa-
per is derived. The Hamiltonian describing the DOPO
in the interaction picture is given by [26]
Hˆ = Hˆfree + Hˆint + Hˆext, (75)
where
Hˆfree = h¯
∑
n=0,1
γn
∫
d2r Aˆ†n
(
∆n − l2n∇2
)
Aˆn, (76)
governs the free evolution of the intracavity fields in the
paraxial approximation,
Hˆint =
h¯g
2
∫ 2
d2r i
[
Aˆ0
(
Aˆ†1
)2
− Aˆ†0
(
Aˆ1
)2]
, (77)
describes the nonlinear interaction, and
Hˆext = h¯
∫
d2r i
[
EintAˆ†0 − E∗intAˆ0
]
, (78)
accounts for the coherent driving. In the above expres-
sions ln = c/
√
2ωnγn is the diffraction length for the
field Aˆn, ∆0 = (ω0 − 2ωs) /γ0 and ∆1 = (ω1 − ωs) /γ1
are the (adimensional) pump and signal detuning param-
eters, respectively, ∇2 = ∂2/∂x2 + ∂2/∂y2 is the trans-
verse Laplacian operator, and g is the (real) nonlinear
coupling coefficient, given by
g =
3χ(2)ωs
2(2pin)3
√
h¯ωs
ε0Lz
, (79)
with χ(2) the relevant nonlinear susceptibility matrix el-
ement, n the common value of the refractive index of the
crystal at pump and signal wavelengths (a type I DOPO
is considered), and Lz the thickness of the crystal along
the resonator axis.
From the above Hamiltonian one obtains the master
equation governing the evolution of the density matrix ρˆ
of the intracavity modes,
∂
∂t
ρˆ =
1
ih¯
[
Hˆ, ρˆ
]
+ Λ̂ρ, (80)
where the Liouvillian term
Λ̂ρ =
∑
n=0,1
γn
∫
d2r
[
2Aˆn(r, t)ρˆAˆ
†
n(r, t)−
ρˆAˆ†n(r, t)Aˆn(r, t)− Aˆn(r, t)Aˆ†n(r, t)ρˆ
]
, (81)
models the coupling between the system and the external
reservoir through the output mirror.
Passing to the the generalized P representation [27] one
can transform the master equation (80) into an equiva-
lent Fokker-Planck equation for a quasiprobability den-
sity (denoted by P ), following standard methods (see,
e.g. [26]), the result being:
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∂
∂t
P (A) =
{∫
d2r [
∂
∂A0
(
−γ0L0A0 +
g
2
A21 − Ein
)
+
∂
∂A+0
(
−γ0L∗0A+0 +
g
2
A+21 − E∗in
)
+
∂
∂A1
(−γ1L1A1 − gA+1 A0)+
∂
∂A+1
(−γ1L∗1A+1 − gA1A+0 )+
g
2
(
∂2
∂A21
A0 + ∂
2
∂A+21
A+0
)
]
}
P (A). (82)
In the above expression A = (A0,A+0 ,A1,A+1 ), and
Lj = −(1 + i∆j) + il2j∇2. (83)
In its turn, a Fokker-Planck equation, here Eq. (82),
can be transformed into an equivalent classical-looking
set of stochastic differential equations (so called Langevin
equations) via Ito rules [28]. In our case they read
∂
∂t
A0 = γ0L0A0 −
g
2
A 21 + Ein, (84a)
∂
∂t
A+0 = γ0L∗0A+0 −
g
2
A+1 2 + E∗in, (84b)
∂
∂t
A1 = γ1L1A1 + gA+1 A0 +
√
gA0η(r, t), (84c)
∂
∂t
A+1 = γ1L∗1A+1 + gA1A+0 +
√
gA+0 η+(r, t), (84d)
with η(r, t) and η+(r, t) independent, real white Gaussian
noises of zero average and correlations given by〈
η+(r′, t′), η(r, t)
〉
= 0, (85a)〈
η+(r, t), η+(r′, t′)
〉
= δ(r− r′)δ(t− t′), (85b)
〈η(r, t), η(r′, t′)〉 = δ(r− r′)δ(t− t′). (85c)
Note that, if A+i is interpreted as A∗i and the noise
terms are ignored (classical limit), Eqs. (84) coincide
with the classical equations for a planar DOPO [29].
Equations (84) are already set in a convenient way to
apply the method we develop in this paper. However we
shall use a simpler form of them obtained in the limit of
large pump detuning, defined by |∆0| >> 1, γ0/γ1, |∆1|,
which allows the adiabatic elimination of the pump field
[30, 31] as
A0 = A0,ad ≡ −i
γ0∆0
(
Ein − g
2
A21
)
, (86a)
A+0 = A+0,ad ≡
i
γ0∆0
(
E∗in −
g
2
A+1 2
)
. (86b)
We note that these expressions correct some typos ap-
pearing in the corresponding expressions in [25]. The
remaining Langevin equations for the signal field are ob-
tained by substitution of the limit solution (86) into (84).
By taking, without loss of generality, the external pump
field amplitude as a purely imaginary quantity whose
imaginary part has the same sign as the pump detun-
ing ∆0, i.e. Ein = iσ |Ein| with σ = sign∆0, they become
Eqs. (2) in Sec. II A, which is the model we shall con-
sider.
IX. APPENDIX B
In the classical limit (A+1 → A∗1, and η, η+ → 0), Eqs.
(2) reduce to
∂
∂t
A1 (r, t) = γ1
(
L1A1 + µA∗1 + i
σ
κ2
|A1|2A1
)
, (87)
L1 = −(1 + i∆1) + il21∇2, which is a version of the so
called parametrically driven, nonlinear Schro¨dinger equa-
tion (PDNLSE), which is a universal model for pattern
formation in parametrically driven systems (see, e.g., [35]
for a list of systems described by the PDNLSE). A con-
venient normalization of that equation is obtained by in-
troducing the following dimensionless quantities: time
T = γ1t, spatial coordinates (X,Y ) = (x/l1, y/l1), and
field ψ = A1/κ, so that Eq. (87) becomes
∂Tψ = µψ
∗−(1+i∆1)ψ+i
(
∂2X + ∂
2
Y
)
ψ+iσ |ψ|2 ψ. (88)
For the bright cavity soliton, Eq. (69), operators L
and L† take the form
L=
( L1 A¯0
A¯∗0 L∗1
)
, L†=
( L∗1 A¯0
A¯∗0 L1
)
, (89a)
where
L1 = −(1 + i∆1) + i∇2 + i
(
2β
κ
)2
sech2(βx), (90a)
A¯0 = µ+ i
(
2β
κ
)2
e2iφ sech2(βx) (90b)
and
β2 = ∆1 ±
√
µ2 − 1, (91a)
cos(2φ) = µ−1. (91b)
Then, for µ = 1 one can calculate the discrete eigen-
values analytically. The result is that the discrete eigen-
vectors of L and L† with null eigenvalue are
v1 = −ST
(
eiφ
e−iφ
)
, (92a)
w1 = −S
(
(x+ iT ) eiφ
(x− iT ) e−iφ
)
, (92b)
v4 = iβ
−1/2S
( [
β2 + i (xT − 1)] eiφ
− [β2 − i (xT − 1)] e−iφ
)
, (92c)
w4 = β
1/2S
(
eiφ
e−iφ
)
, (92d)
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and that the discrete eigenvectors of L and L† with eigen-
value λ = −2 are
v2 = −iβ1/2 S
(
(x+ iT ) eiφ
− (x− iT ) e−iφ
)
, (93a)
w2 = −iβ−1/2ST
(
eiφ
−e−iφ
)
, (93b)
v3 = iβS
(
eiφ
−e−iφ
)
, (93c)
w3 = −β−1S
( [
β2 + i (xT − 1)] eiφ[
β2 − i (xT − 1)] e−iφ
)
. (93d)
In the above expressions v1 is the Goldstone mode, Eq.
(7), and we have introduced the quantities
S =
√
β
2
sech(βx), T = β tanh(βx). (94)
Let us finally notice that for µ = 1, it turns out that
β2 = ∆1 and cos (2φ) = 1.
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FIGURE CAPTIONS
Fig.1. Schematic representation of the different pat-
terns one finds in the PDNLSE, Eq. (88). The line µHB
has been ploted after the numerical results of [33].
Fig.2. Amplitude of the bright cavity soliton, Gauss–
Hermite mode (GH1), and the mode w2 (in dashed line).
Fig.3. Squeezing level (at the labeled frequencies)
displayed by the bright cavity soliton when a Gauss–
Hermite mode (GH1) or mode w2 (see text) is used as a
LOF. In (a) a GH1 of width ξ is used. In (b) the LOF is
displaced x from the CS center. Parameters are ∆1 = 1,
and µ = 1.2.
Fig.4. Squeezing spectra close to the tangent bifur-
cation at µ = 1.0. The detuning parameter is ∆1 = 1.2
and the pump values are indicated in the figure.
Fig.5. Imaginary parts of w∗HB+ (full line) and w
+
HB+
(dashed line). See text.
Fig.6. Squeezing spectrum at Hopf bifurcation. The
dashed line corresponds to using one of the two most
damped modes (with Reλ = 0) at this bifurcation as
LOF. The full line corresponds to using as LOF the sum
of these two modes.
Fig.7. Squeezing spectra obtained when using a plane-
wave LOF. The detuning parameter is ∆1 = 1.2 and the
pump value is indicated in the figure. In the inset the
maximum squeezing at ω = 0 is represented as a function
of pump for the same detuning value.
Fig.8. Squeezing spectra obtained when using a plane-
wave LOF. The pump parameter is µ = 1.2 and the de-
tuning value is indicated in the figure. In the inset the
maximum squeezing at ω = 0 is represented as a function
of detuning for the same pump parameter value.
Fig.9. Spatial distribution of the squeezing when
probed with a plane-wave LOF and measured with finite
size detectors of normalized size Σ = ∆x/β (the values
are marked in the figure). The phase of the LOF has been
chosen in order to obtain the maximum noise redution at
each detector position. Parameters are µ = ∆1 = 1.2.
Fig.10. Maximum squeezing Sout at ω = 0, obtained
with a finite size detector centered at the BS center, as a
function of the detector size Σ = ∆x/β. Parameters are
µ = ∆1 = 1.2.
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